613 =

Technical Memorandum No. NMC-TM-63-8

A GENERALIZED ERROR FUNCTION
IN n DIMENSIONS

By
L]
P M. BROWN
: f: Theoretical Analysis Division
o
<
AL 4

catrieen gy ASTIA 401709 1

g APR 19 1363

th Coead

QUALIFIED REQUESTERS MAY OBTAIN COPIES
OF THIS REPORT DIRECT FROM ASTIA,

401122

3
|
|

U. S. NAVAL MISSILE CENTER

Point Mugu, California

A,

<




U. 8S. NAVAL MISSILE CENTER
AN ACTIVITY OF THE BUREAU OF NAVAL WEAPONS

K. C. CHILDERS, JR., CAPT USN
Commander

Mr. R. G. McCarty, Head, Theoretical Analysis Division; Mr. J. J. ' Brien, Head, Advanced
Programs Department; CDR R. K. Fngle, Director, Astronautics; and Mr. T. E. Hanes, Consultant
to the Technical Director and Commander NMC, have reviewed this report for publication.

Approved by:
D. F. SULLIVAN

Technical Director

THIS REPORT HAS BEEN PREPARED PRIMARILY FOR TIMELY PRESENTATION OF INFORMA-
TION. ALTHOUGH CARE HAS BEEN TAKEN IN THE PREPARATION OF THE TECHNICAL
MATERIAL PRESENTED, CONCI.USIONS DRAWN ARE NOT NECESSARILY FINAL AND MAY BE

SUBJECT TO REVISION.

NMC Technical Memorandum NMC-TM-63-8

Published by . . ..o o e e e e Editorial Division
Technical Information Department
First printing . .o o v i i e e e e e e e 65 copies

Security classification. . . . o . L L e e UNCLASSIFIED



EXTERNAL

Chief
Bureau of Naval Weapons
Washington 25, D.C.

Code DLI-31..........

Commander

Armed Services Technical
Information Agency

Arlington Hall Station

Arlington 12, Va, ........

INITIAL DISTRIBUTION
Copies INTERNAL
Technical Director

CodeNOL. ... vvvvonnnnens
Advanced Programs Officer

..... 4 Code N2l .. .. v v v v nsnnsvnns

Theoretical Analysis Division
CodeN212 . ... ivvinne o v
Code N2124

M. M.Brown ........c00000n

PMR Operations Research Group

..... 10 Code01-2 ......c.vovevsenne

Technical Library
Code N0O3022 .......cvsveeens




SN

A

TABLE OF CONTENTS

Page

SUMMARY . . ittt it eiit st nian st e neasnetnnansrssnsnsesoson 1
INTRODUCTION . .......0ivevurnnnes St s et st en e 3
THE SPECIAL CASE OF TWO DIMENSIONS .. .. ... . .0ttt iirnnnnnnennnnas 4
THE GENERAL CASEOF n DIMENSIONS . . ... ... ittt iinntennnsnonnsennas 5
SOME FURTHER ANALYSIS . . ... it ittt ittt iienonsssaassnvaos Ve e 7
APPLICATION TO HYPERELLIPSOIDAL DISTRIBUTIONS . . ...... ..t cviuennnn 10
RECAPITULATION ... ... ..ttt nonrennns e e et e e 11
ILLUSTRATION

Figure 1. Generalized Error Functions, erfy (X) ..o e 9



ey

TR

' /“}

-

SUMMARY

The error function, which occurs in much of the literature of mathematics, physics, and
engineering, is generalized to handle the normal probability distribution in n dimensions,

Explicit integral representations for these functions are found to be of two general forms,
depending upon whether n is even or odd.

Some readily established recursion formulas and other relationships are derived for these
functions,



INTRODUCTION

The mathematical theory of probability and the related techniques of statistics are being used
by an increasing number of workers in many diverse fields embracing the sciences and engineering,
v as well ag mathematics.

Of particular importance, therefore, to engineers, to operations and systems analysts, and to the
designers of experiments are certain standard probability distributions, The most widely employed
of the continuous distributions is undoubtedly the ‘‘Gaussian,’’ or ‘“‘normal”’ distribution, which is
of enormous theoretical, historical, and practical importance.

The normal distribution, with zero mean, is given by

2
p(x)= e 207 1)

J2no
and is completely specified by the parameter o, called the ‘‘standard deviation.””

This distribution has been generalized to n dimensions. The most general n-dimensional nor-
mal distribution contains parameters to account for nonzero means for the n independent variables,
for correlations among the variables, and for unequal standard deviations with respect to each of
the n variables,

This report will concern itself with a very special case of the n-dimensional distribution. In
particular, the means will all be assumed zero, the correlations will all be assumed zero, and the
standard deviations will be assumed equal. The resulting probability distribution is then given by

e xlz“... ’lnz
P(Xys X0 v 00y X)) = __1“-..._e- 22 )]
- @m)lon

In the one-dimensional case, a commonly occurring expression containing p (x) is that for the
probability with which

Ix|<x
This expression is (for 1 0)

&

Prob{- < x < :Al:f p (x) dx A3)
.
X _ xz
f e 2072 dx A3)
mo =%
A 2
:_}_VZ[ e‘i‘;’ dx (since the integrand is even)
[/ [ V]



This expression cannot be evaluated in closed form for an arbitrary upper limit, but occurs so
frequently that its values have been tabulated, and the expression itself has been given the name
of ‘‘error function,’’

The customary definition of the error function is

2 1 -7
erf(x)sﬁL e dy @)
In terms of this definition, it follows that

Probllxlgxl:erf-?_- (5)
2

The analog of the problem in n dimensions presents no new problems in rectangular coordinates,
since

Prob |, [ < %y ixyl e oy, e ow Ix by o

41 erf %2 voserf *n 6)
-2 \o/z /2

= erf

as a consequence of the appropriate integral separating into a product of integrals with respect to
one variable,

Something new does arise, however, from regarding f = (ST xn) as a vector in n dimen-
sions, and asking what is

Prob{ir |« «l
This is a very natural question to ask for the cases n -- 2, 3,

It is the purpose of the present paper to investigate this question. The result, as will be seen,
is to define an ‘‘error function’’ generalized to n dimensions, in terms of which the required proba-
bility can be written in a manner analogous to equation (5).

Some simple properties of these generalized error functions are proved, and graphs of these
functions are presented.

THE SPECIAL CASE OF TWO DIMENSIONS

As a natural way of introducing generalized error functions it is instructive to consider the
case of two dimensions. This case is well known among the users of probability theory because
of its frequent occurrence and the fact that the mathematics fortuitously permits a solution in
closed form.

The two-dimensional treatment, moreover, is capable of a direct generalization to n dimen-
sions, as will be seen later, and it is therefore profitable to dwell at some length upon this
special case, This will now be done,



Introduce polar coordinates (r, 6). Then
0

_x”vz
’ 'Prob!\?lgahff 1 e otdxdy
1 4

2n0?
clrcle about

origin, radiue 2

27 .2
=fj _l_e-mtdl’d()
b Y0 2na?
(v} 2
=£ -lz.e-;,zrdr
ag

™

A 2
_[ e 2(,:td( ! )
r=0 202
- '1 4
= - 202
=0
a?
~Probl|f|< xl=1-e" 757 8
This is a well known expression which appears very frequently in the literature.

The above result suggests defining an error function in two dimensions by

2
erf, (x) - 1 -e”"

&)
Then
Probl | M| « x| erf, 2 (10)
0,/2
in two dimensions, analogously to equation (5).

The above computational procedure will now be extended to an n-dimensional distribution. It
will be seen later that all the even-dimensional errot functions are expressible in closed .orm,
although not always conveniently so.

THE GENERAL CASE OF n DIMENSIONS

treatment.

The case of n dimensions, for n - 2, is carried out analogously to the above two-dimensional

It is necessary to evaluate the following expression:

. 202 dxl ) dxn
hypersphere (2 TT) 2 on
about origin,

(11)
radius 2

Prob} [ ]« i

"
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The integration is simplified by introducing hyperspherical coordinates, (R, 0, 0;,

according to the transformation equations

x; =Rain 0 sin 6, e sin 6, o ain 0,
X, = R ain ()1 ain 02 v ain on-2 cas on"
X =Rain 0 aint, ... sin O _3 caa 0,5

x4 =Rain 0‘ sin 02...M'n0n.4 can O 5

X,.1 = Rain 0 caa 0,

X =R caa 01
n

Equation (11) then becomes

. 1 & i
probxlrlga!-.-__n__f SR" dR[ [d(‘

(2;7)70“

where d Qn is an element of hypersolid angle and is independent of R and dR.

In particular,

1=Probl\r’|<ul=_.i_._.[e';%;R"'lde fdﬂn
(2,,)_2— 0 s

It follows that

[ oo ot

[ "‘"‘R“" dR

0

Substituting into equation (13),

*
f e"72 R"TdR
Prob”t"ﬂli:%., 7

- R n=~1
", 51R dR

An obvious change of variable in the integrals gives the result

a2 2
f e~V u"ldy
b 2
[ Y oumldy
0

ter on-l)'

(12)

13)

(14)

(15)

(16)

an
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Now define a generalized n-dimensional error function, erf, (x), by

X
e‘“2 u=!du
erf (x) = 2

e” " unldu
0

Equations (17) and (18) then imply that

Probl |7 |< af=erf [
7

which is analogous to equation (5), and is valid forn=1, 2, 3,4, ...

For n = 1, 2, the definition (18) reduces to the definitions (4) and (9), respectively.

SOME FURTHER ANALYSIS

Consider the integral

@

2
IkEf e”" u¥ du
0

which is used as a normalizing factor in equation (18).
Integrating by parts, it is readily established that

1 k+11

k42 = k

It follows by mathematical induction that

L =mtl ;im=0,1,2,...
and
1 =..£2ml_l ;m-0,1,2,...
2m 22mm! 3]
but
® 2
Il=f e udu=1
o 2
and

18)

(19)

(20)

@D

(22)

(23)

(24)

(25)



o o e T

so that
I, ., =Llm! (26)
2m+1 ‘5
and
2 m)!ﬁ
bm = — @n
2¢m% i m

The definition (18) can therefor= re be written
22m +1 m! * »u mand 2
erf, =2 — f e u M du ;m=0,1,2,... (28)
Jr@emr %
and

x 2
2 -t 282m-1 cm =
erfzm(x)=mfo e W2S2rl4y m=1,2,3,... 29)

Equations (28) and (29) may, if® .f desired, together be taken as the definition of the generalized
error function, rather than equation . (18).

The error functions will now besese shown to satisfy certain relationships.

Integrate equation (28) by part=#s, The resulting expression simplifies to

% 2

2m+l el
(2x)*™"" " m'e —rerf, ) ,m=0,1,2,... (30)

\/—rr-(2m +—17!—

Proceeding similarly with equa aation (29), one gets

erf , 4 (x) =

2

x2m e
etfzm(x) = Y ¢ e'fzm +2 Q(X) ,m=1,2,3,... 3n

Recalling equation (9), it follo> _ows by mathematical induction on equation (31) that

-xl 2 a 2m-1) |
erf, (x)=1-¢ 1+1‘i-!+ 0.’£2_T++3‘(Tn.-_lv ;m=0,1,2,... (32)

Equation (32) shows that all t# the even-dimensional error functions are expressible in closed
form, although for sufficiently largsgge m the closed form expressions become increasingly compli-
cated.

It follows also from equation v (32) that

2
1-e" - erfz!x) o oerfa(x) ~ . exrfo(x) . .. (33)

——

and that for any preassigned x,



ml’imm erf, (x) =0 34)

In a similar manner, mathematical induction applied to equation (30) gives the result

2
i " laexor, @2x)° 1t @x)2™Ym-1)1] .
erfyp 4 () = erf (x) - < (ﬁl! * ’;! Tt xiZm-l)n; ' %)

m=1,223,...

Since erfl(x) = erf (x) cannot be expressed in closed form, neither can the odd-dimensional
error functions.

However, it is clear from equation (35) that

erf (x) = erf, (x) > erfy(x) > erfs(x)> ... (36)

since x was assumed non-negative in the definition, equation (18), in view of the probability
application with regard to which the generalized error functions were introduced.

From the point of view of the pure mathematician, it is, of course, desirable to use the de-
finition, equation (18), for negative values of x, as well as for positive values. If that is done,
then the odd-dimensional error functions turn out to be odd functions, while the even-dimensional
functions are even.

ives, [ erf (x) = erf,, (~x)
2m 2m
37
erfzm +(x) = —erf 2m“(—x)

if x is permitted to become negative, For negative x, the inequalities (36) will all be reversed.

These error functions are plotted in figure 1 for positive arguments and dimensions up to 10.

ot (z)

— A e

w0

Figure 1, Generalized Error Functions, erf, (x)
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APPLICATION TO HYPERELLIPSOIDAL DISTRIBUTIONS

Retaining the assumptions of zero bias and zero correlations, but allowing the standard devia-
tions to take on the unequal values 041 09+« +, 0, equation (2) generalizes to

2
*y In
POy, e, x)= L e’(;.jz’“' ’Ta,?) @38)
(2 ")% al. ..an

The loci along which p (x;, . .., x,) is constant are given by

x2 x 2
B T u?, a constant, (39)
02 o 2

1 n

These loci thus form a family of hyperellipsoids, centered at the origin, with semiaxes equal
to uo,, uoy, ..., ue , and consequently the distribution given by equation (38) may be thought

of as a hyperellipsoidal distribution.

Consider now the probability that a random vector r= (tgs + + +, %) lies within the hyper-
ellipsoid

iL+...+x_“=Bzi (40)
012 on2
x2
Prob _‘_gﬂ2]=ff fp(?)dv 1)
DESARIR

hyperellipeoid

where dV is an element of hypervolume in the n-dimensional space,

2 2
n -.‘('_’ +...*1’.‘.)
X~ e 2 2 2
Problz_;.g_ﬂzl =ff f n°‘ i dx, .. dx 42)
i 7 (2m)20y...0,
hyperellipsoid
L A2+, 4A2
_fj 1ot W ) an L, (43)
eo et (2m)3
hypersphere %A‘z = g2
where
L T
)\1=-—;1=1,2,...,n (44)

10
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ple%g/ﬂl =(_;:_)_an RO % R f[ . .fdﬂn (45)

introducing hyperspherical polar coordinates, as before.

Again, remembering that

x2 ® - R
Prob z_l_«n 1wl [ R T dR[f fdﬂn (46)
. ol 0

@n?

it follows that

p v
2
2 f R*-1 e 3 GR wle™ du
X,
Prob Z_l_< 132 L - -
02 - 1 R n=1 -u?
i fR“' e” T dR f u du
(v} 0
i.e.,
o2
Prob Zx_‘g B2l = e, ( e 47
i'loiz ﬁ

Equation (47) is the desired generalization of equation (19) to the case in which the compo-

nents of r have unequal standard deviations.

It is to be noted that the dimensionless quantity /3 appearing in equation (47) reduces to the

quantity fof equation (19) for the special case in whicho, -0, -, -0 @

RECAPITULATION

The error function, which occurs in much of the literature of mathematics, physics, and engi-
neering, has been generalized to handle the normal probability distribution in n dimensions.

Explicit integral representations for these functions were found to be of two general forms,
depending upon whether n is even or odd.

Some readily established recursion formulas and other relationships were derived for these
functions.

n




